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Abstract
In this paper, the degree of homogeneous bent functions is discussed. We prove that for any nonnegative integer k, there exists a
positive integer N such that for nN there exist no 2n- variable homogeneous bent functions having degree n − k or more, where
N is the least integer satisfying 2N−1 >
(
N + 1
0
)
+
(
N + 1
1
)
+ · · · +
(
N + 1
k + 1
)
.
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1. Introduction
Bent functions were discussed in [5,9,14] in the early 1970s. Because of their nice cryptographic properties, such
as the highest nonlinearity and the lowest autocorrelation, bent functions can be used in symmetric cipher to resist the
differential cryptanalysis [1] and the linear cryptanalysis [8]. They can also be used in spread communication [11,12]
and in error-correcting code [7]. For interest as a math problem and for their wide applications in many areas, bent
functions have attracted a lot of researches (for example, see [2,3,6] and references therein).
Recently, several papers [4,13,15] on homogeneous functions have been published. Qu et al. [13] discussed homo-
geneous bent functions of degree 3. For 6-variable Boolean functions, there are 20 monomials of degree 3, so there
are 220 homogeneous Boolean functions of degree 3. It is easy to check whether they are bent functions. By computer
search, the authors presented all 30 homogeneous bent functions of degree 3. By establishing the connection between
the invariant theory and the theory of bent functions, Charnes et al. [4] presented some homogeneous bent functions
of degree 3 in 8, 10 and 12 variables with prescribed symmetric group action and thus they proved the existence of
homogeneous bent functions of degree 3 in 2n variables for n> 2. Using difference sets, the authors [15] proved that
there exist no homogeneous bent functions of degree n in 2n variables for n> 3. In other words, the upper bound on
the degree of homogeneous bent function is no more than n − 1. But it is not clear whether the bound is tight. Also it
is not clear whether there exist homogenous bent functions of other prescribed degree.
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In this paper, we get a tighter bound on the degree of homogenous bent functions.We prove that for any nonnegative
integer k, there exists a positive integerN such that for nN , there exist no homogeneous bent functions in 2n variables
having degree n − k or more, where N is the least integer satisfying
2N−1 >
(
N + 1
0
)
+
(
N + 1
1
)
+ · · · +
(
N + 1
k + 1
)
.
When k = 0, we prove the nonexistence of homogeneous bent function of degree n in 2n variables for n> 3, which
is also a result by Xia et al. [15], but with a different method. To prove our result, ﬁrstly, we describe the relationship
between the Fourier spectra of a Boolean function at partial points and the Fourier spectra of its sub-functions; secondly,
we describe a method to estimate the Hamming weight of the truth table of a homogenous Boolean function.
To the problem whether there exist homogeneous bent functions of other prescribed degree, we propose a conjecture
that for any integer k > 1, there exists a positive integer N such that for n>N , there exist homogeneous bent functions
of degree k in 2n variables.
The rest of the paper is organized as follows: in Section 2, some basic deﬁnitions and notations are described; in
Section 3, the main results are given.
2. Preliminaries
Let F2 be the Galois ﬁeld with two elements and let Fn2 be the n-dimensional vector space over F2.
A vector s = (s1, s2, . . . , sn) ∈ Fn2 can be denoted by an integer t whose 2-adic expansion is the vector s. That is,
the vector s and the integer t are isomorphic. In the rest of the paper, we would use an integer to represent a vector if
there is no confusion.
The algebraic normal form of a Boolean function f : Fn2 → F2 is as follows:
f (x) =
2n−1∑
s=0
asx
s
,
where s = (s1, s2, . . . , sn) ∈ Fn2 , x = (x1, x2, . . . , xn) ∈ Fn2 , as ∈ F2 and xs = xs11 xs22 · · · xsnn . The degree of f (x) is
deﬁned as
max
s∈{0,1,...,2n−1},as =0
H(s),
where H(s) is the Hamming weight of the vector s.
For convenience, the Hamming weight of the truth table of a Boolean function is called the Hamming weight of the
Boolean function.
A function f (x) =∑2n−1s=0 asxs is called a homogenous function of degree r if it satisﬁes the following condition:
for all s ∈ Fn2 , if H(s) = r , then as = 0.
Let H0 = [1], the Hadamard matrix Hk of order k can be deﬁned recursively as Hk =
[
Hk−1 Hk−1
Hk−1 −Hk−1
]
.
Deﬁnition 1 (Rothaus [14]). For a Boolean function f (x), the Fourier transform sf (w) is deﬁned as
∑
x∈Fn2 f (x)
(−1)w·x , where w, x ∈ Fn2 , and w · x is deﬁned as w1x1 + x2w2 + · · · + xnwn ∈ F2.
Deﬁnition 2 (Rothaus [14]). Let f (x), x ∈ Fn2 be aBoolean function. If for anyw ∈ Fn2 , |
∑
x∈Fn2 (−1)
f (x)(−1)w·x |=
2n/2, then f (x) is called a bent function.
From Deﬁnitions 1 and 2, it is easy to see that f (x) is a bent function if and only if
sf (w) =
{2n−1 ± 2n/2−1, w = 0,
± 2n/2−1, w = 0.
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3. The upper bound on the degree of homogeneous bent functions
Before proving our result, we give some necessary lemmas.
Lemma 1 (Meng et al. [10]). Let k, n be two positive integers such that k <n, and x′ = (x1, x2, . . . , xk), x′′ =
(xk+1, xk+2, . . . , xn). Let
f (x1, x2, . . . , xn) =
2k−1∑
i=0
ai (x
′)fi(x′′),
where fi(x′′) is a Boolean function from Fn−k2 to F2 for i = 0, 1, . . . , 2k − 1, the integer representation of ai ∈ Fk2 is
i, and
ai (x
′) =
{
1, ai = x′,
0, ai = x′.
Then we have
[sf0(w′′), sf1(w′′), . . . , sf2k−1(w′′)] = [sf (a0, w′′), sf (a1, w′′), . . . , sf (a2k−1, w′′)]Hk/2k , (1)
where w = (w′, w′′), w′ ∈ Fk2 , w′′ ∈ Fn−k2 , and Hk is the Hadamard matrix of order k.
Remark 1. In Eq. (1), let w′′ = 0, then
[sf0(0), sf1(0), . . . , sf2k−1(0)] = [sf (a0, 0), sf (a1, 0), . . . , sf (a2k−1, 0)]Hk/2k .
The spectrum sf (ai, 0) is the Fourier spectrum of f (x) at the point (ai, 0) while the spectrum sfi (0) corresponds to
the Hamming weight of the sub-function fi(x′′)(here fi(x′′) is called the sub-function of f (x)). Especially
sf0(0) = (sf (a0, 0) + sf (a1, 0) + · · · + sf (a2k−1, 0))/2k . (2)
The idea of this lemma can be found in other papers [5,2] in different forms.
Lemma 2. Let n, k be two positive integers such that k <n. If f (x) is an n-variable homogeneous Boolean function
of degree n − k, then the Hamming weight of the function is at most
(
n
0
)
+
(
n
1
)
+ · · · +
(
n
k
)
.
Proof. Any n-variable homogeneous Boolean function of degree n − k can be expressed in the form
f (x) =
(
n
n−k
)
∑
i=1
cigi(x),
where ci ∈ F2 and
{
gi(x) | i = 1, . . . ,
(
n
n−k
)}
is the set of all monomials of degree n − k in n variables. Among the
set {0, 1, . . . , 2n − 1} from which x takes value, there are
(
n
n−k
)
elements with Hamming weight equal to n − k, and
there are
(
n
n−k+1
)
+· · ·+ (n
n
)
elements with Hamming weight above n−k. Now let x take the values whose Hamming
weight is no less than n − k, it is easy to see that the Hamming weight of homogeneous functions of degree n − k in n
variables is at most(
n
n − k
)
+
(
n
n − k + 1
)
+ · · · +
(
n
n
)
=
(
n
0
)
+
(
n
1
)
+ · · · +
(
n
k
)
. 
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Lemma 3. As in Lemma 1, Let
f (x1, x2, . . . , xn) =
2k−1∑
i=0
ai (x
′)fi(x′′).
If f (x) is homogeneous with degree r, then f0(x′′) is either zero or homogenous with degree r.
Proof. From f (x1, x2, . . . , xn) =∑2k−1i=0 ai (x′)fi(x′′), we get
f (x1, x2, . . . , xn) = (x1 + 1) · · · (xk + 1)f0(x′′) + · · · + x1x2 · · · xkf2k−1(x′′) = g(x′)h(x′′) + f0(x′′),
where g(x′) does not contain constant-term.As f0(x′′) is the function of x′′ and g(x′) does not contain constant-term, it
can be inferred that if f0(x′′) is neither zero nor homogeneous with degree r , the function f (x) cannot be homogenous.
We get a contradiction. That is, the function f0(x′′) is either zero or homogenous with degree r . 
For example, let f (x1, . . . , x6)= x1x2x3 + x2x3x4 + x3x4x5 + x4x5x6. When k = 1, the ﬁrst sub-function f0(x′′)=
x2x3x4 + x3x4x5 + x4x5x6. When k = 2, the ﬁrst sub-function f0(x′′) = x3x4x5 + x4x5x6. When k = 3, the ﬁrst
sub-function f0(x′′) = x4x5x6. When k = 4, the ﬁrst sub-function f0(x′′) = 0.
Now we present our main theorem and then prove it.
Theorem 1. For any nonnegative integer k, there exists a positive integer N such that for nN , there exist no 2n-
variable homogeneous bent functions having degree n − k or more, where N is the least integer satisfying
2N−1 >
(
N + 1
0
)
+
(
N + 1
1
)
+ · · · +
(
N + 1
k + 1
)
.
Proof. Suppose f (x) is a 2n-variable bent function. In Lemma 1, let k = n − 1, the function f (x) can be divided into
2n−1 sub-functions in n + 1 variables. In Eq. (2), when
sf (a0, 0) = 22n−1 − 2n−1
and
sf (ai, 0) = −2n−1, i = 1, 2, . . . , 2n−1 − 1,
the spectrum
sf0(0) =
1
2n−1
2n−1−1∑
i=0
sf (ai, 0) = 2n−1
is the minimum value, which corresponds also to the minimumHamming weight of the ﬁrst sub-function by the remark
below Lemma 1.
On the other hand, suppose f (x) is a 2n-variable homogeneous function of degree n − k. From Lemma 3, the ﬁrst
sub-function is a homogenous Boolean function in n + 1 variables of degree n − k. From Lemma 2, the Hamming
weight of an n + 1-variable homogeneous function of degree n − k is at most(
n + 1
0
)
+
(
n + 1
1
)
+ · · · +
(
n + 1
k + 1
)
.
When
2n−1 >
(
n + 1
0
)
+
(
n + 1
1
)
+ · · · +
(
n + 1
k + 1
)
, (3)
there exists no homogenous bent function. For any given nonnegative integer k, it is easy to prove that there exists an
integer N such that for nN , Eq. (3) holds. That is, for any given nonnegative integer k, there exists an integer N such
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Table 1
Upper bound on the degree of homogenous bent functions
k 0 1 2 3 4 5 6 · · ·
N 4 6 9 11 13 15 17 · · ·
that for nN , there exist no 2n-variable homogeneous bent functions having degree n − k or more, where N is the
least integer satisfying
2N−1 >
(
N + 1
0
)
+
(
N + 1
1
)
+ · · · +
(
N + 1
k + 1
)
.  (4)
Corollary 1 (Xia et al. [15]). Homogeneous bent functions of degree n in 2n variables do not exist for n4.
Proof. Let k = 0, then N = 4 is the least integer satisfying
2N−1 >
(
N + 1
0
)
+
(
N + 1
1
)
. 
Remark 2. In Eq. (4), let k = 0, we get N = 4, which is also a result in [15], but our method is different from the
method in [15]. We list it as a corollary. Let k = 1, we get N = 6. For more cases, see Table 1.
Finally, we propose a conjecture as an open problem to end this paper.
Conjecture 1. For any integer k > 1, there exists an integer N such that for n>N , there exist 2n-variable homogeneous
bent functions of degree k.
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